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1. Introduction
This paper is devoted to second order initial boundary value problems for lin-
ear parabolic equations on a wide class of noncompact Riemannian manifolds,
termed ‘uniformly regular’. Important examples are complete Riemannian
manifolds with no boundary and bounded geometry.1 In this setting there is
already a rich theory for linear parabolic equations — predominantly heat
equations — based on kernel estimates. Our main interest concerns, how-
ever, noncompact Riemannian manifolds with boundary for which very lit-
tle is known so far (see the following sections for references). Prototypes of
such cases are m-dimensional Riemannian submanifolds of Rn with compact
boundary or funnel-like ends (cf. Examples 3.5).
In order to give the flavor of our main results we consider in this in-
troduction a simplified version of the general problem. Namely, we restrict
ourselves to autonomous equations with homogeneous boundary conditions.
1Precise definitions of and notations for all terms used in this introduction without further
explanation are found in the following sections and the appendix.
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Let M = (M, g) be a Riemannian manifold. We set
Au := − div(a q gradu), (1.1)
with a being a symmetric positive definite (1, 1)-tensor field on M which is
bounded and has bounded and continuous first order (covariant) derivatives.
This is expressed by saying that A is a regular uniformly strongly elliptic
differential operator.
We assume that ∂0M is open and closed in ∂M and ∂1M := ∂M \∂0M .
Then we put
B0u := u on ∂0M, B1u := (ν |a q gradu) on ∂1M,
where these operators are understood in the sense of traces and ν is the
inward pointing unit normal vector field on ∂1M . Thus B := (B0,B1) is the
Dirichlet boundary operator on ∂0M and the Neumann operator on ∂1M .
Throughout this paper, 0 < T <∞ and J := [0, T ]. We write MT for
the space time cylinder M × J . Moreover, ∂ = ∂t is the ‘time derivative’,
∂MT := ∂M × J the lateral boundary, and M0 = M × {0} the ‘initial sur-
face’ of MT . Then we consider the problem
∂u+Au = f on MT , Bu = 0 on ∂MT , u = u0 on M0. (1.2)
The last equation is to be understood as γ0u = u0 with the ‘initial’ trace
operator γ0.
Of course, ∂0M or ∂1M or both may be empty. In such a situation
obvious interpretations and modifications are to be applied.
We are interested in a strong Lp-theory for (1.2). To describe it we
have to introduce (fractional order) Sobolev spaces. We always assume that
1 < p <∞. The Sobolev space W kp (M) is defined for k ∈ N to be the com-
pletion of D(M), the space of smooth functions with compact support, in
L1,loc(M) with respect to the norm
u 7→
( k∑
j=0
∥∥ |∇ju|g0
j
∥∥p
Lp(M)
)1/p
. (1.3)
Here ∇ = ∇g is the Levi-Civita covariant derivative and |·|g0
j
the (0, j)-tensor
norm naturally induced by g. Thus W 0p (M) = Lp(M). Moreover,
W 2p,B(M) :=
{
u ∈W 2p (M) ; Bu = 0
}
.
We also need the space W
2−2/p
p (M) which is defined for p 6= 2 by real
interpolation:
W 2−2/pp (M) :=
(
Lp(M),W
2
p (M)
)
1−1/p,p
.
Then
W
2−2/p
p,B (M) :=


{
u ∈W 2−2/pp (M) ; Bu = 0
}
, 3 < p <∞,{
u ∈W 2−2/pp (M) ; B0u = 0
}
, 3/2 < p < 3,
W 2−2/pp (M), 1 < p < 3/2.
(1.4)
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We set
A := A|W 2p,B(M), (1.5)
considered as an unbounded linear operator in Lp(M) with domainW
2
p,B(M).
Then (1.2) can be expressed as an initial value problem for the evolution
equation
q
u+Au = f on J, u(0) = u0 (1.6)
in Lp(M).
Now we are ready to formulate our main result in the present model
setting. It is a special case of Theorem 3.4
Theorem 1.1. Let M be a uniformly regular Riemannian manifold and let
p /∈ {3/2, 3}. Suppose that A is regular and uniformly strongly elliptic. Then
(1.2) has for each
(f, u0) ∈ Lp
(
J, Lp(M)
)×W 2−2/pp,B (M)
a unique solution
u ∈ Lp
(
J,W 2p,B(M)
) ∩W 1p (J, Lp(M)).
The map (f, u0) 7→ u is linear and continuous.
Equivalently: −A generates an analytic semigroup on Lp(M) and has the
property of maximal regularity.
The finite time interval J can be replaced by R+, provided we impose
the additional assumption that the spectrum of A is contained in [Re z ≥ γ]
for some γ > 0. This can always be achieved by replacing A by A+ ω for a
sufficiently large ω > 0.
On the surface, this theorem looks exactly the same as the very clas-
sical existence and uniqueness theorem for second order parabolic equations
on open subsets of Rm with smooth compact boundary (e.g., O.A. Ladyzhen-
skaya, V.A. Solonnikov, and N.N. Ural’ceva [27, Chapter IV] and R. Denk,
M. Hieber, and J. Pru¨ss [17]). However, it is in fact a rather deep-rooted vast
generalization thereof since it applies to any uniformly regular Riemannian
manifold.
Closely related to uniformly regular Riemannian manifolds are ‘singu-
lar Riemannian manifolds’ which are characterized by a ‘singularity function’
ρ ∈ C∞(M, (0,∞)). More precisely, let M = (M, g) be a Riemannian mani-
fold and consider the conformal metric gˆ := g/ρ2 on M . Then the basic re-
quirement forM to be a singular Riemannian manifold is that Mˆ := (M, gˆ) be
a uniformly regular Riemannian manifold. In Examples 4.1 we present some
important instances of singular Riemannian manifolds, most notably the class
ofm-dimensional Riemannian submanifolds of Rn with finitely many cuspidal
singularities.
By considering parabolic equations on singular Riemannian manifolds
we are naturally led to study degenerate parabolic equations in weighted
Sobolev spaces. To be more precise, we now assume thatM = (M, g) is a sin-
gular Riemannian manifold and ρ ∈ C∞(M, (0,∞)) is a singularity function
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for it. Then A is said to be a ρ-regular uniformly ρ-elliptic differential opera-
tor if ρ−2a is symmetric, uniformly positive definite, and ρ−2a and ρ−1∇a are
bounded and continuous. Note that this means that A is no longer uniformly
strongly elliptic but that the ellipticity condition degenerates if ρ tends to
zero (or to infinity).
For λ ∈ R and k ∈ N we define the weighted Sobolev space W k,λp (M ; ρ)
to be the completion of D(M) in L1,loc(M) with respect to the norm
u 7→
( k∑
j=0
∥∥ρλ+j |∇ju|g0j ∥∥pLp(M)
)1/p
.
Then
W 0,λp (M ; ρ) = L
λ
p(M ; ρ) :=
{
u ∈ Lp,loc(M) ; ρλu ∈ Lp(M)
}
.
If p 6= 2, then
W 2−2/p,λp (M ; ρ) :=
(
Lλp(M ; ρ),W
2,λ
p (M ; ρ)
)
1−1/p,p
.
Furthermore, W 2,λp,B (M ; ρ) and W
2−2/p,λ
p,B (M ; ρ) are defined analogously to
W 2p,B(M) and W
2−2/p
p,B (M), resp. Lastly, W
2
p (M ; ρ) := W
2,0
p (M ; ρ), etc. Note
that L0p(M ; ρ) = Lp(M).
Using this we can now formulate our main result for degenerate para-
bolic equations in the present setting.
Theorem 1.2. Let M be a singular Riemannian manifold, ρ a singularity
function for it, and p /∈ {3/2, 3}. Suppose A is ρ-regular and ρ-uniformly
strongly elliptic. Then (1.2) has for each
(f, u0) ∈ Lp
(
J, Lp(M)
)×W 2−2/p,2/pp (M ; ρ)
a unique solution
u ∈ Lp
(
J,W 2p,B(M ; ρ)
) ∩W 1p (J, Lp(M)).
The map (f, u0) 7→ u is linear and continuous.
Equivalently: Set A := A|W 2p,B(M ; ρ). Then −A generates a strongly continu-
ous analytic semigroup on Lp(M) and has the property of maximal regularity.
This is a particular instance of Theorem 5.2 and its corollary, both of
which apply to general weighted spaces, that is, to λ 6= 0 as well.
We should like to point out that we impose minimal regularity require-
ments on a (within the framework of continuous coefficients). This allows to
use Theorems 1.1 and 1.2 (and the more general results below) as a basis for
the study of quasilinear equations along well-established lines (e.g., [1], [3]).
For the sake of brevity we do not give details in this paper.
It should also be noted that only the behavior of ρ near zero and in-
finity is of importance. In other words, if ρ˜ ∈ C∞(M, (0,∞)) satisfies ρ˜ ∼ ρ,
that is, ρ/c ≤ ρ˜ ≤ cρ for some c ≥ 1, then Theorem 1.2 remains valid with ρ
replaced by ρ˜. In particular, W 2p,B(M ; ρ˜) equals W
2
p,B(M ; ρ) except for equiv-
alent norms.
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Now we illustrate the strength of our results by means of relatively
simple examples. For this we assume that Ω is a smooth open subset of Rm
with a compact smooth boundary, that is, Ω¯ is a smooth m-dimensional
submanifold of Rm. We also assume that
Γ is a finite family of compact connected smooth submanifolds Γ of Rm
without boundary and dimension ℓΓ ≤ m− 1 such that the following
applies:
(i) if ℓΓ = m− 1 and Γ ∩ ∂Ω 6= ∅, then Γ ⊂ ∂Ω.
(ii) if 1 ≤ ℓΓ ≤ m− 2, then Γ ⊂ Ω.
Then M := Ω¯\⋃{Γ ; Γ ∈ Γ }, endowed with the Euclidean metric, is an
m-dimensional Riemannian submanifold of Rm whose boundary ∂M equals
∂Ω\⋃{Γ ; Γ ∈ Γ }.
For each Γ ∈ Γ and x ∈M we denote by δΓ(x) the (Euclidean) distance
from x to Γ. Then δΓ is, sufficiently close to Γ, a well-defined strictly posi-
tive smooth function. If M contains a neighborhood of infinity in Rm, that
is, if Ω is an exterior domain, then we put δ∞(x) := |x| with the Euclidean
norm |·| in Rm. We also fix αΓ ≥ 1 and α∞ ∈ (−∞, 0). Then we choose a
function ρ ∈ C∞(M, (0,∞)) satisfying ρ ∼ δαΓΓ near Γ ∈ Γ, ρ ∼ δα∞∞ near
infinity if Ω is an exterior domain, and ρ ∼ 1 away from the ‘singularity set’
S(M) := ⋃{Γ ; Γ ∈ Γ } and infinity. ThenM is a singular Riemannian man-
ifold characterized by the singularity function ρ. Indeed, see Examples 4.1,
each Γ ∈ Γ is an (αΓ, ℓΓ)-wedge and { x ∈M ; |x| > R } is for sufficiently
large R > 1 diffeomorphic to an infinite α∞-cusp (over S
m−1 in Rm+1) if
Ω is an exterior domain. Thus Theorem 1.2 applies to this situation.
Next we consider some particularly simple subcases which have been
treated before in the literature.
(a) Suppose Ω is bounded and S(M) = ∂Ω. Thus ρ ∼ δα for some α ≥ 1,
where δ is the distance to ∂Ω. In this situation it is shown by V. Vespri [34]
that A generates an analytic semigroup on Lp(Ω) = Lp(M). Recently, S. For-
naro, G. Metafune, and D. Pallara [19] have given a new proof for this gen-
eration theorem.
(b) Let Ω be bounded and ℓΓ = 0 for each Γ ∈ Γ. Then S(M) consists of
finitely many one-point sets {x0}, . . . , {xk} lying either in Ω or on ∂Ω. We set
δj(x) := |x− xj | for 0 ≤ j ≤ k and x ∈M = Ω¯
∖ ⋃k
j=0{xj}. Assume αj ≥ 1
for 0 ≤ j ≤ k. Then Theorem 1.2 implies that, given any ρ ∈ C∞(M, (0,∞))
satisfying ρ ∼ δαjj near xj and ρ ∼ 1 otherwise, −A = −A|W 2p,B(M ; ρ) gen-
erates a strongly continuous analytic semigroup on Lp(M) = Lp(Ω) and has
the property of maximal regularity.
The only paper known to the author treating the problem of semi-
group generation by parabolic equations with strong degeneracies at isolated
points is the recent publication of G. Fragnelli, G. Ruiz Goldstein, J.A. Gold-
stein, and S. Romanelli [20]. These authors consider the case where Ω = (0, 1)
and S(M) = {x0} ⊂ Ω and show that −A generates an analytic semigroup
on L2(Ω).
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In none of the above papers it is shown that the maximal regularity
property prevails. Furthermore, the proofs given there depend significantly
on the fact that second order equations are being considered. In contrast,
our approach does not depend on the particular structure of the problem but
applies equally well to systems and higher order equations (cf. H. Amann [7]).
Observe that the preceding examples show that a given Riemannian
manifold can possess uncountably many non-equivalent singular structures.
This is related to and sheds new light on the non-uniqueness results observed
by M.A. Pozio, F. Punzo, and A. Tesei [30]. Thus, besides being rather general
and widely applicable, our approach to highly degenerate parabolic problems
via Riemannian manifolds leads to a deeper understanding of such problems
as well.
In the next section we give the precise definition of a uniformly regular
Riemannian manifold. Then we formulate our main result, Theorem 3.1, in
the setting of second order equations and trace it back to the much more
general propositions in [7]. Note that, besides allowing lower order terms,
we prove an optimal regularity theorem in the presence of nonhomogeneous
boundary conditions. In addition, we show that we get classical solutions if
we impose slightly stronger regularity assumptions on the data.
Singular Riemannian manifolds are precisely defined in Section 4 and ba-
sic examples are presented. Furthermore, weighted function spaces are intro-
duced and their interrelation with non-weighted Sobolev-Slobodeckii spaces
on uniformly regular manifolds is established.
Section 5 contains our main theorem for second order degenerate par-
abolic problems involving lower order terms and nonhomogeneous bound-
ary conditions. We attract the reader’s attention to Theorem 5.2 where it
is shown that problems with homogeneous boundary conditions give rise to
generators of analytic semigroups possessing the property of maximal regu-
larity in general weighted spaces Lλp(M ; ρ) for any λ ∈ R. This generalizes
results by V. Barbu, A. Favini, and S. Romanelli [15], for example, where the
case M = Ω, with Ω a bounded domain on Rm, S(M) = ∂Ω, and λ = −1 is
considered (see also [20]).
For the reader’s convenience there is included an appendix in which
some basic facts on tensor bundles over Riemannian manifolds are listed.
2. Function Spaces and Uniformly Regular Manifolds
By a manifold we always mean a smooth, that is, C∞ manifold with (possibly
empty) boundary such that its underlying topological space is separable and
metrizable. Thus, in the context of manifolds, we work in the smooth category.
A manifold does not need to be connected, but all connected components are
of the same dimension.
Let M = (M, g) be a Riemannian manifold with boundary ∂M and
volume measure dv. The metric g on TM gives rise to a vector bundle metric
on the tensor bundle V στ := T
σ
τ M for σ, τ ∈ N, which we denote by gτσ (see
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the appendix for more details). In particular, g01 = g and g
1
0 = g
∗, the adjoint
(or contravariant) metric on the cotangent bundle T ∗M .
For k ∈ N the vector space of all (σ, τ)-tensor fields of class Ck, that is,
of all Ck sections of V στ , is denoted by C
k(V στ ). The Levi-Civita covariant
derivative, ∇, satisfies ∇ka ∈ C(V στ+k) for a ∈ Ck(V στ ), where ∇0a := a. We
write D(V στ ) for the space of all smooth sections with compact support in M
(which may meet the boundary). As usual, Ck(M) stands for Ck(V 00 ), etc.
We fix σ and τ and set V := V στ . Then, given k ∈ N, we denote byW kp (V )
the Sobolev space of order k, defined to be the completion of D(V ) in
L1,loc(V ) = L1,loc(V, dv) with respect to the norm
u 7→
( k∑
j=0
∥∥ |∇ju|gτ+jσ ∥∥pLp(V )
)1/p
.
Thus W 0p (V ) = Lp(V ).
We also need fractional order Sobolev spaces, namely the Slobodeckii
spaces W sp (V ), for s ∈ R+\N. If k < s < k + 1 with k ∈ N, then
W sp (V ) :=
(
W kp (V ),W
k+1
p (V )
)
s−k,p
, (2.1)
which is the interpolation space between W kp (V ) and W
k+1
p (V ) obtained by
means of the real interpolation method with exponent s− k and integrability
parameter p.
We denote by B(V ) the space of all bounded sections of V . It is a Banach
space with the norm u 7→ ‖u‖∞ :=
∥∥ |u| ∥∥
∞
, where ‖·‖∞ is the maximum
norm. Moreover, BC(V ) := B(V ) ∩ C(V ) is a closed linear subspace thereof.
For k ∈ N we write BCk(V ) for the linear subspace of Ck(V ) consisting of
all u satisfying ∇ju ∈ B(V στ+j) for 0 ≤ j ≤ k. It is a Banach space with the
obvious norm. Moreover, BC∞(V ) :=
⋂
k BC
k(V ) and bck(V ) is the closure
of BC∞(V ) in BCk(V ). Now we define Besov-Ho¨lder spaces Bs∞(V ) for s > 0
by
Bs∞(V ) :=
{(
bck(V ), bck+1(V )
)
s−k,∞
, k < s < k + 1,(
bck(V ), bck+2(V )
)
1/2,∞
, s = k + 1,
(2.2)
where k ∈ N.
Besides these isotropic spaces we also need anisotropic versions adapted
to parabolic problems. Anisotropic Sobolev-Slobodeckii spaces are introduced
for s ∈ R+ = [0,∞) by
W (s,s/2)p (V × J) := Lp
(
J,W sp (V )
) ∩W s/2p (J, Lp(V )).
The second space on the right is a standard Sobolev-Slobodeckii space of
Banach space valued distributions on J˚ . Of course,W
(0,0)
p (V × J) is naturally
identified with Lp(V × J) = Lp
(
V × J, dvdt).
Analogously, we define anisotropic Besov-Ho¨lder spaces for s > 0 by
B(s,s/2)∞ (V × J) := B
(
J,Bs∞(V )
) ∩Bs/2∞ (J,B(V )).
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Here the second space on the right is a standard Ho¨lder space Cs/2
(
J,B(V )
)
if s /∈ 2N, and a Zygmund space for s ∈ 2N, of Banach space valued functions
on J (see A. Lunardi [28], for example). For k ∈ N× := N\{0} we put
BC(k,k/2)(V × J) := C(J,BCk(V )) ∩ Ck/2(J,B(V )),
recalling that J is compact.
Although Sobolev-Slobodeckii spaces, respectively Besov-Ho¨lder spaces,
are well-defined for each s ∈ R+, respectively s > 0, they are not too useful on
general Riemannian manifolds since, for example, the fundamental Sobolev
type embedding theorems may not hold in general. Even more importantly,
there may be no characterization by local coordinates. For this reason we
restrict ourselves to the class of uniformly regular Riemannian manifolds.
Loosely speaking, M is a uniformly regular Riemannian manifold if its dif-
ferentiable structure is induced by an atlas K of finite multiplicity whose
coordinate patches are all of comparable size, such that K can be uniformly
shrunk to an atlas forM , and the family of all charts in K which intersect ∂M
induces an atlas of the same type for ∂M . In particular, ∂M = (∂M,
q
g),
where
q
g is the Riemannian metric induced by g on ∂M , is a uniformly regu-
lar (m− 1)-dimensional Riemannian manifold if M is uniformly regular (see
Example 4.1(b)).
For the precise definition of a uniformly regular Riemannian manifold
we introduce some notation and conventions. By c we denote constants ≥ 1
whose numerical value may vary from occurrence to occurrence; but c is al-
ways independent of the free variables in a given formula, unless a dependence
is explicitly indicated.
We denote by Hm the closed right half-space R+ × Rm−1 in Rm, where
R0 = {0}. The Euclidean metric on Rm, (dx1)2 + · · ·+ (dxm)2, is denoted
by gm. The same symbol is used for its restriction to an open subset U of R
m
or Hm, that is, for ι∗gm, where ι : U →֒ Rm is the natural embedding. Here
and below, we employ standard definitions of pull-back and push-forward
operations.
On the space of all nonnegative functions, defined on some nonempty
set whose specific form will be clear in any given situation, we introduce
an equivalence relation ∼ by setting f ∼ g iff there exists c ≥ 1 such that
f/c ≤ g ≤ cf . Inequalities between vector bundle metrics have to be under-
stood in the sense of quadratic forms. By 1 we denote the constant function
s 7→ 1, whose domain will always be clear from the context.
We set Q := (−1, 1) ⊂ R. If κ is a local chart for an m-dimensional
manifoldM , then we write Uκ for the corresponding coordinate patch dom(κ).
A local chart κ is normalized (at q) if κ(Uκ) = Q
m whenever Uκ ⊂ M˚ , the
interior ofM , whereas κ(Uκ) = Q
m ∩Hm if Uκ ∩ ∂M 6= ∅ (and κ(q) = 0). We
put Qmκ := κ(Uκ) if κ is normalized.
An atlas K for M has finite multiplicity if there exists k ∈ N such that
any intersection of more than k coordinate patches is empty. In this case
N(κ) := { κ˜ ∈ K ; Uκ˜ ∩ Uκ 6= ∅ }
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has cardinality ≤ k for each κ ∈ K. An atlas is uniformly shrinkable if it
consists of normalized charts and there exists r ∈ (0, 1) such that the family{
κ−1(rQmκ ) ; κ ∈ K
}
is a cover of M . We put KS := { κ ∈ K ; Uκ ∩ S 6= ∅ }
for any nonempty subset S of M .
Given an open subset X of Rm or Hm and a Banach space X , we
write ‖·‖k,∞ for the usual norm of BCk(X,X ), the Banach space of all
u ∈ Ck(X,X ) such that |∂αu|X is uniformly bounded for α ∈ Nm of length
at most k.
An atlas K for M is uniformly regular if
(i) K is uniformly shrinkable and has finite multiplicity.
(ii) ‖κ˜ ◦ κ−1‖k,∞ ≤ c(k), κ, κ˜ ∈ K, k ∈ N.
(2.3)
In (ii) and in similar situations it is understood that only κ, κ˜ ∈ K with
Uκ ∩ Uκ˜ 6= ∅ are being considered. Two uniformly regular atlases K and K˜
are equivalent, K ≈ K˜, if
(i) card{ κ˜ ∈ K˜ ; Uκ˜ ∩ Uκ 6= ∅ } ≤ c, κ ∈ K;
(ii) ‖κ˜ ◦ κ−1‖k,∞ + ‖κ ◦ κ˜−1‖k,∞ ≤ c(k), κ ∈ K, κ˜ ∈ K˜, k ∈ N.
(2.4)
A uniformly regular structure is a maximal family of equivalent uniformly
regular atlases. A uniformly regular manifold is a manifold endowed with a
uniformly regular structure. Clearly, on such a manifold all local charts, at-
lases, etc. under consideration belong to its uniformly regular structure. An
m-dimensional Riemannian manifold (M, g) is a uniformly regular Riemann-
ian manifold if
(i) M is uniformly regular;
(ii) κ∗g ∼ gm, κ ∈ K;
(iii) ‖κ∗g‖k,∞ ≤ c(k), κ ∈ K, k ∈ N,
(2.5)
for some uniformly regular atlas K for M .
Let M be a uniformly regular Riemannian manifold. Then the Sobolev-
Slobodeckii and Besov-Ho¨lder space scales possess all the properties known to
hold in the case of the m-dimensional Euclidean space or half-space. In other
words, there are embedding, interpolation, and trace theorems for W sp (M)
and W
(s,s/2)
p (M × J) which are completely analogous to the correspond-
ing theorems for the classical Sobolev-Slobodeckii spaces. In particular, the
anisotropic Sobolev-Morrey type embedding theorem
W (s,s/2)p (V × J) →֒ B(t,t/2)∞ (V × J), s+ (m+ 2)/p > t > 0, (2.6)
is valid. In addition, W sp (V ) and B
s
∞(V ) can be characterized by means of
local coordinates, similarly as in the case of compact manifolds.
The spaces BCk(V ) and BC(k,k/2)(V ) do not belong to either one of
these scales. However, they can be arbitrarily well approximated by Besov-
Ho¨lder spaces. In fact, given k ∈ N×,
B(s1,s1/2)∞ (V × J) →֒ BC(k,k/2)(V × J) →֒ B(s0,s0/2)∞ (V × J) (2.7)
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for 0 < s0 < k < s1. Note that this implies a corresponding assertion for the
isotropic spaces BCk(V ) and Bs∞(V ), since BC
k(V ) is naturally identified
with the closed linear subspace of BC(k,k/2)(V ) of all ‘time-independent’
functions therein, etc.
Proofs, further results, references to related research, and many more
details — in particular spaces of sections of general uniformly regular vector
bundles over M — are found in the earlier work [6], [5] of the author (also
see [7], [8], as well as [4]).
3. Parabolic Problems on Uniformly Regular Riemannian
Manifolds
Let M = (M, g) be a uniformly regular Riemannian manifold. We consider
parabolic initial boundary value problems of the form
∂u+Au = f on MT , Bu = h on ∂MT , u = u0 on M0. (3.1)
In order to reduce the technical apparatus to a minimum we restrict
ourselves to the important class of second order divergence form problems.
Thus we fix δ ∈ C(∂M, {0, 1}) and set ∂jM := δ−1(j) for j ∈ {0, 1}. Then
∂M = ∂0M ∪ ∂1M and ∂0M ∩ ∂1M = ∅. We assume that (A,B) is of the
form
Au := − div(a q gradu) + (~a | gradu) + a0u (3.2)
and
Bu :=
{B0u on ∂0MT ,
B1u on ∂1MT ,
where
B0u := γu, B1u :=
(
ν
∣∣γ(a q gradu))+ b0γu.
Here (· | ·) = (· | ·)g := g(·, ·), ν is the (inward pointing) unit normal on ∂M ,
γ the trace map for ∂M , and q denotes complete contraction (see the appen-
dix). More precisely, B0u = (γu) |∂0M , etc. We suppose a ∈ C1(T 11M × J),
~a is a time-dependent vector field, a0 a function onMT , and b0 one on ∂1MT .
In local coordinates,
Au = − 1√
g
∂i
(√
g aijg
jk∂ku
)
+ ai∂iu+ a0u.
Hence B is the Dirichlet boundary operator on ∂0M and the Neumann or
a Robin boundary operator on ∂1M . Note that either ∂0M or ∂1M may be
empty. We also allow M to be a manifold without boundary. In this case it
is understood throughout the whole paper that all statements, assumptions,
and formulas referring explicitly or implicitly to ∂M are to be unconsidered.
For example, problem (3.1) reduces to the Cauchy problem
∂u+Au = f on MT , u = u0 on M0
if ∂M = ∅.
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A function u satisfying (3.1) is a strong Lp solution if it belongs to
W
(2,1)
p (MT ), and a classical solution if it is a member of BC
(2,1)(MT ).
The differential operator A is uniformly strongly elliptic on MT if a(·, t)
is symmetric and uniformly positive definite, uniformly with respect to t ∈ J .
Clearly, the latter means that there exists a constant ε > 0 such that(
a(q, t) qX
∣∣X)
g(q)
≥ ε |X |2g(q), X ∈ TqM, q ∈M, t ∈ J.
For a concise formulation of the main result we introduce for s ≥ 0 the
boundary data spaces
W (s+2−
~δ−1/p)(1,1/2)
p (∂MT )
:= W (s+2−1/p)(1,1/2)p (∂0MT )×W (s+1−1/p)(1,1/2)p (∂1MT ),
whose general point is written h = (h0, h1). Obvious interpretations apply if
either ∂0M or ∂1M is empty. The total data spaces are then
W(s+2,(s+2)/2)p (MT )
:= W (s,s/2)p (MT )×W (s+2−~δ−1/p)(1,1/2)p (∂MT )×W s+2−2/pp (M0)
for s ≥ 0.
Given Banach spaces E and F , we denote by L(E,F ) the Banach space
of bounded linear operators from E into F . We write Lis(E,F ) for the subset
of all bijections in L(E,F ). Banach’s homomorphism theorem guarantees that
A−1 ∈ L(F,E) if A ∈ Lis(E,F ).
Now we can formulate the main existence and uniqueness theorem for
problem (3.1).
Theorem 3.1. Let M be a uniformly regular Riemannian manifold and let
p /∈ {3/2, 3}. Suppose
a ∈ BC(1,1/2)(T 11M × J), ~a ∈ L∞(TM × J),
a0 ∈ L∞(MT ), b0 ∈ BC(1,1/2)(∂1MT ),
(3.3)
and A is uniformly strongly elliptic. Denote by W(2,1)p,cc (MT ) the vector space
of all (f, h, u0) ∈ W(2,1)p (MT ) satisfying the compatibility conditions of order
zero:
γu0 = h0(·, 0) on ∂0M if 3/2 < p < 3,
B(·, 0)u0 = h(·, 0) on ∂M if p > 3. (3.4)
Then W(2,1)p,cc (MT ) is closed in W(2,1)p (MT ) and
(∂ +A, B, γ0) ∈ Lis
(
W (2,1)p (MT ),W(2,1)p,cc (MT )
)
. (3.5)
Supplement. Suppose 0 < s < s < 1 + 3/p with s 6= 3/p and
a ∈ B(1+s)(1,1/2)∞ (T 11M × J), ~a ∈ B(s,s/2)∞ (TM × J),
a0 ∈ B(s,s/2)∞ (MT ), b0 ∈ B(1+s)(1,1/2)∞ (∂1MT ).
(3.6)
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Let W(s+2)(1,1/2)p,cc (MT ) be the linear subspace of W(s+2)(1,1/2)p (MT ) of all
(f, h, u0) satisfying, in addition to (3.4), the first order compatibility con-
dition
∂h0(·, 0) + γA(·, 0)u0 = γf(·, 0) on ∂0M if s > 2/p. (3.7)
Then W(s+2)(1,1/2)p,cc (MT ) is closed and
(∂ +A, B, γ0) ∈ Lis
(
W (s+2)(1,1/2)p (MT ),W(s+2)(1,1/2)p,cc (MT )
)
.
Proof. We set a2 := −a♯ and a1 := ~a− div(a♯), using the notations of the
appendix. Then we get from (A.12)
A = a2 q∇2 + a1 q∇+ a0. (3.8)
We let ν♭ be the unit conormal vector field g♭ν on ∂M and set b1 := ν♭ q γa
♯.
Then
B1 = b1 q γ∇+ b0γ. (3.9)
By means of the characterization of BCk(T ∗M) by local coordinates referred
to in the preceding section one verifies
ν♭ ∈ BC∞(T ∗M). (3.10)
Let (3.3) be satisfied. Then it is obvious that
a2 ∈ BC(1,1/2)(T 20M × J), a1 ∈ L∞(TM × J), a0 ∈ L∞(MT ).
Furthermore, (3.10) implies
b1 ∈ BC(1,1/2)
(
(TM)|∂1M × J
)
.
If (3.6) applies, then
a2 ∈ B(1+s)(1,1/2)∞ (T 20M × J), a1 ∈ B(s,s/2)∞ (TM × J),
a0 ∈ B(s,s/2)∞ (MT ),
and, once more by (3.10) and the point-wise multiplier result [5, Theo-
rem 14.3],
b1 ∈ B(1+s)(1,1/2)∞
(
(TM)|∂1M × J
)
.
This shows that (A,B) satisfies in either case the regularity assumptions of
the main theorem of [7]. Since the uniform strong ellipticity of A implies
that (∂ +A, B) is a uniformly strongly parabolic boundary value problem
the assertion is a very particular consequence of the latter theorem. 
Corollary 3.2. Let (3.3) be satisfied. Then the initial boundary value prob-
lem (3.1) has for each (f, h, u0) ∈ W(2,1)p,cc (MT ) a unique strong Lp solution u
on MT . Suppose (m+ 2)/p < s < 1 + 3/p with s 6= 3/p, (3.6) applies, and
(f, h, u0) ∈ W(s+2)(1,1/2)p,cc (MT ), then u is a classical solution.
Proof. The first assertion is clear and the second one follows from (2.6). 
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Remarks 3.3. (a) If δ = 0 (Dirichlet boundary value problem), then p = 3 is
admissible as well. If δ = 1 (Neumann or Robin boundary conditions), then
p = 3/2 can be admitted also. Similarly, (3.7) is vacuous if δ = 1.
(b) If all data are smooth and the compatibility conditions of all orders
are satisfied, then u is a smooth solution on MT .
(c) We refer to [7] for higher order problems and operators acting on
sections of general uniformly regular vector bundles over M .
(d) Theorem 3.1 is the basis for establishing results on the existence,
uniqueness, and continuous dependence on the data of solutions of quasilinear
parabolic problems of the form
∂u+A(u)u = F (u) on MT , B(u)u = H(u) on ∂MT , u = u0 on M0.
Such results are obtained by (more or less obvious) modifications of the proofs
in [3]. This is to be carried out somewhere else. 
Of course, Theorem 3.1 applies in particular to autonomous problems.
To simplify the presentation we restrict ourselves to the setting of strong
Lp solutions. Then (3.3) reduces to
a ∈ BC1(T 11M), ~a ∈ L∞(TM),
a0 ∈ L∞(M), b0 ∈ BC1
(
(TM)|∂1M
)
.
(3.11)
Of particular importance is the case of homogeneous boundary value prob-
lems.
Theorem 3.1 guarantees A ∈ L(W 2p (M), Lp(M)). Hence A, the restric-
tion ofA toW 2p,B(M), is a well-defined element of L
(
W 2p,B(M), Lp(M)
)
. More-
over, A is closed (cf. [1, Lemma I.1.1.2]) and densely defined (since D(M˚) is
a subset of W 2p,B(M) and D(M˚ ) is dense in Lp(M)). By means of A we
can reformulate the autonomous homogeneous initial boundary value prob-
lem (1.2) as the evolution equation (1.6). This is made precise by the next
theorem for which we rely on semigroup theory and maximal regularity (see
H. Amann [1, Chapter III] and [2], R. Denk, M. Hieber, and J. Pru¨ss [17],
or P.Ch. Kunstmann and L. Weis [26], for example, for information on these
concepts).
Theorem 3.4. Let M be a uniformly regular Riemannian manifold and let
p /∈ {3/2, 3}. Suppose A is autonomous, uniformly strongly elliptic, and con-
ditions (3.11) are satisfied. Then −A generates a strongly continuous analytic
semigroup on Lp(M) and has the property of maximal regularity, that is to
say, (∂ +A, γ0) belongs to
Lis(Lp(J,W 2p,B(M)) ∩W 1p (J, Lp(M)), Lp(MT )×W 2−2/pp,B (M)). (3.12)
Proof. In the present setting W(2,1)p,cc (MT ) = Lp(MT )×W 2−2/pp,B (M). Hence
(3.12) is a reformulation of (3.5). Now the semigroup assertion follows from
a result of G. Dore [18]. 
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To indicate the power of these theorems we need to know examples of
uniformly regular Riemannian manifolds. This problem is dealt with in [9]
where proofs for the following claims are found.
Examples 3.5. (a) Every compact Riemannian manifold is a uniformly reg-
ular Riemannian manifold.
(b) Anm-dimensional Riemannian submanifold of Rm possessing a com-
pact boundary is a uniformly regular Riemannian manifold.
(c) Rm = (Rm, gm) and H
m = (Hm, gm) are uniformly regular Riemann-
ian manifolds.
(d) Let M˜ = (M˜, g˜) be a Riemannian manifold and ϕ : (M, g)→ (M˜, g˜)
an isometry. Then M is a uniformly regular Riemannian manifold iff M˜ is
one.
(e) A Riemannian manifold has bounded geometry if it has no bound-
ary, a positive injectivity radius, and all covariant derivatives of the curvature
tensor are bounded. Every complete Riemannian manifold with bounded ge-
ometry is a uniformly regular Riemannian manifold.
(f) Suppose S ⊂ U ⊂M , where S is closed and U is open in M . An
atlas K for U is uniformly regular on S if (2.3) holds with K replaced by KS .
Two uniformly regular atlases K and K˜ for U on S are equivalent if (2.4)
applies to KS and K˜S . This defines a uniformly regular structure for U on S.
Then U is uniformly regular on S if it is endowed with a uniformly regular
structure on S. Lastly, U is a uniformly regular Riemannian manifold on S
if (2.5) is satisfied for U and KS , where K is a uniformly regular atlas for U
on S.
Let Sj ⊂ Uj ⊂M and suppose Uj is a uniformly regular Riemannian
manifold on Sj for 0 ≤ j ≤ ℓ. Let Kj be a uniformly regular atlas for Uj
on Sj . Assume
(α) ‖κi ◦ κ−1j ‖k,∞ ≤ c(k), (κi, κj) ∈ Ki,Si × Kj,Sj , 0 ≤ i, j ≤ ℓ, k ∈ N;
(β) M = S0 ∪ · · · ∪ Sℓ.
Then K := K0 ∪ · · · ∪ Kℓ is a uniformly regular atlas for M and M is a uni-
formly regular Riemannian manifold. It is obtained by patching together the
uniformly regular pieces Uj on Sj .
(g) Assume d ≥ m and B is an (m− 1)-dimensional compact submani-
fold of Rd−1. For a nonempty subinterval I of (1,∞) and 0 ≤ α ≤ 1 we set
Fα(I, B) :=
{
(t, tαy) ; t ∈ I, y ∈ B } ⊂ R× Rd−1 = Rd,
Then Fα(B) := Fα
(
(1,∞), B), endowed with the Riemannian metric induced
by Rd, that is, by gd, is anm-dimensional Riemannian submanifold of R
d with
boundary Fα(∂B), where Fα(∅) := ∅. It is called α-funnel in Rd. Note that a
0-funnel is a cylinder and a 1-funnel a (blunt) cone over (the basis) B.
Let F = Fα(B) be an α-funnel in R
d and set S := Fα
(
[2,∞), B). Then
F is an m-dimensional uniformly regular Riemannian manifold on S.
(h) Suppose U is open inM and F = Fα(B) an m-dimensional α-funnel
in Rd. Set F (I) := Fα(I, B). Assume ϕ : U → F is a diffeomorphism such
that S := ϕ−1
(
F [2,∞)) satisfies
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(α) (U \S ) ∩ S = ϕ−1(F ({2}));
(β) ϕ∗(g |S) ∼ gF |F [2,∞).
Then U is a uniformly regular Riemannian manifold on S, and M is said to
have an (α,B)-funnel-like end in U with representation ϕ.
(i) Let U0, . . . , Uℓ be open in M . Suppose
(α) Ui ∩ Uj = ∅, 1 ≤ i < j ≤ ℓ;
(β) M has an (αj , Bj)-funnel-like end in Uj with representation ϕj for
j ≥ 1;
(γ) ϕj(U0 ∩ Uj) = Fj(1, 4), j ≥ 1;
(δ) S0 := U0\
⋃ℓ
j=1 ϕ
−1
j
(
Fj(3,∞)
)
is compact.
ThenM is a uniformly regular Riemannian manifold, a Riemannian manifold
with finitely many funnel-like ends. It is obtained by patching together the
uniformly regular pieces Uj on Sj for 0 ≤ j ≤ ℓ. 
The most elementary situation in which Theorem 3.1 applies is the case
in which M is compact. If, notably, M is the closure of a smooth bounded
open subset of Rm, then our theorem reduces essentially to a well-known
classical result (e.g., [27]).
More recently, G. Grubb [22] has established a general Lp theory for
parabolic pseudo-differential boundary value problems acting on sections of
vector bundles (also see Section IV.4.1 in [23]). It applies to a class of non-
compact manifolds, called ‘admissible’ and being introduced in G. Grubb
and N.J. Kokholm [24]. It is a subclass of the above family of manifolds
with funnel-like ends, namely a family of manifolds with conical ends. Of
course, aside from the requirements on the manifold, differential boundary
value problems of the form considered in the present paper constitute a very
particular subcase of Grubb’s general class. However, in order to apply the
results of [22] to (3.1) we have to require that (A,B) has C∞ coefficients.
In contrast, we impose in essence minimal regularity assumptions on (A,B).
This is important for the study of quasilinear equations on the basis of the
linear theorems proved here.
Now we suppose that M is a noncompact uniformly regular Riemann-
ian manifold not belonging to the class of manifolds with funnel-like ends.
This is the case, in particular, if M has no boundary, is complete, and has
bounded geometry. There is a tremendous amount of literature on heat equa-
tions for such manifolds, most of which is an L2 theory and is concerned with
kernel estimates and spectral theory (see, for example, E.B. Davies [16] or
A. Grigor’yan [21] and the references therein). There are a few papers dealing
with (semilinear) parabolic equations on noncompact complete Riemannian
manifolds under various curvature assumptions which are based on heat ker-
nel estimates (e.g., Qi S. Zhang [35], [36], A.L. Mazzucato and V. Nistor [29],
F. Punzo [31], [32], C. Bandle, F. Punzo, and A. Tesei [14]). In all these
papers either the top-order part is the Laplace-Beltrami operator or smooth
leading order coefficients are required.
Except for a recent paper by Y. Shao and G. Simonett [33], the author
is not aware of any result on parabolic equations on noncompact manifolds
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which do not rely on heat kernel techniques, leave alone noncompact mani-
folds with noncompact boundary. In [33] the authors, building on [5] and [6],
establish a Ho¨lder space existence theorem for autonomous nonlinear par-
abolic equations on uniformly regular manifolds without boundary. As an
application they show that the solutions of the Yamabe flow instantaneously
regularize and become real analytic in space and time.
A prototypical example to which our results apply is furnished by an
m-dimensional Riemannian submanifold MH = (MH, gH) of the hyperbolic
space Hm represented by the Poincare´ model. More specifically, we denote
by Bm the open unit ball in Rm with closure B¯m and boundary Sm−1,
the (m− 1)-sphere. Then H = Hm = (Bm, gH), where gH = 4gm/(1− |x|2)2
for x ∈ Bm. If ∂MH is not compact, then we assume that its closure in B¯m
intersects Sm−1 transversally and that this intersection is the boundary of an
(m− 1)-dimensional Riemannian submanifold of Sm−1. Informally expressed
this means, in particular, that MH ‘does not collapse at infinity’.
Writing divH for divgH , etc., problem (3.1) is on MH × J given by
AHu := − divH(a q gradH u) + (~a | gradH u)H + a0u
and
BHu :=
{
γu on ∂0MH,(
ν∂MH
∣∣γ(a q grad
H
u)
)
H
on ∂1MH.
Using the fact that gH is conformal to gm we can express AH and BH in terms
of gm, that is, as differential operators on M := (MH, gm). In fact, writing
div = divgm , etc., we find with ρ(x) := (1− |x|2)/2
divH(a q gradH u) = ρ
m∂i(ρ
2−maijδ
jk∂ku) = ρ
m div(ρ2−ma q gradu)
= div(ρ2a q gradu)−m(ρa q grad ρ | gradu) (3.13)
and (~a | grad
H
u)H = (~a | gradu). Moreover, ν∂MH = ρν and, consequently,(
νH
∣∣γ(a q gradH u))H = ρ(ν ∣∣γ(a q gradu)).
This shows that the initial boundary value problem
∂tu+AHu = f on MH × J, BHu = h on ∂MH × J, u = u0 on MH × {0}
can be seen as a degenerate initial boundary value problem on the ‘underlying’
Euclidean manifold M . Note that M is not a uniformly regular Riemannian
manifold, even if ∂M = ∅, that is, M = Bm, since it cannot be covered by an
atlas K whose coordinate patches are uniformly comparable in size and such
that a uniform shrinking of K is still an atlas.
4. Singular Riemannian Manifolds and Weighted Function
Spaces
Generalizing the preceding example we are led to the concept of singular
Riemannian manifolds. Informally speaking, such a manifold is characterized
by a singularity function ρ ∈ C∞(M, (0,∞)) such that the conformal metric
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gˆ := g/ρ2 gives rise to a uniformly regular Riemannian manifold Mˆ := (M, gˆ).
To be precise:
Let M be an m-dimensional uniformly regular manifold. A pair (ρ,K)
is a singularity datum for M if ρ ∈ C∞(M, (0,∞)) and K is a uniformly
regular atlas such that
(i) ‖κ∗ρ‖k,∞ ≤ c(k)ρκ, κ ∈ K, k ∈ N,
where ρκ := κ∗ρ(0) = ρ
(
κ−1(0)
)
;
(ii) ρ |Uκ ∼ ρκ, κ ∈ K.
(4.1)
Two singularity data (ρ,K) and (ρ˜, K˜) are equivalent, (ρ,K) ≈ (ρ˜, K˜), if ρ ∼ ρ˜
and K ≈ K˜.
A singularity structure, S(M), for M is a maximal family of equivalent
singularity data. A singularity function for M is a ρ ∈ C∞(M, (0,∞)) such
that there exists an atlas K with (ρ,K) ∈ S(M). The set of all singularity
functions is the singularity type of M . It is convenient to denote it by [[ρ]],
where ρ is one of its representatives.
A singular Riemannian manifold of type [[ρ]] is a Riemannian manifold
(M, g) such that
(i) M is uniformly regular and endowed with
a singularity structure S(M) of singularity type [[ρ]];
(ii) (M, g/ρ2) is a uniformly regular Riemannian manifold.
(4.2)
This definition is independent of the particular choice of ρ in the following
sense: Let (ρ˜, K˜) ≈ (ρ,K). Then it follows from (2.5)(ii), (iii) and (4.1) that
(M, g/ρ˜2) is a uniformly regular Riemannian manifold and g/ρ˜2 ∼ g/ρ2. In [7]
it is shown that (4.1)(i) is equivalent to
d log ρ ∈ BC∞(T ∗Mˆ). (4.3)
In [9] there is carried out a detailed study of singular Riemannian manifolds.
We refer the reader to that paper for proofs of the following examples.
Examples 4.1. (a) A uniformly regular Riemannian manifold is singular of
type [[1]], and conversely.
(b) Let Γ be a union of connected components of ∂M andm ≥ 2. We en-
dow Γ with the induced Riemannian metric
q
g :=
q
ι ∗g, where
q
ι : Γ →֒M is the
natural embedding. Let K be a uniformly regular atlas for M . For κ ∈ KΓ we
set U qκ := ∂Uκ := Uκ ∩ ∂M = Uκ ∩ Γ and
q
κ := ι0 ◦ ( qι ∗κ) : U qκ → Rm−1 with
ι0 : {0} × Rm−1 → Rm−1, (0, x′) 7→ x′. Then
q
K := { qκ ; κ ∈ KΓ } is a uni-
formly regular atlas for Γ, the one induced by K.
Suppose (M, g) is a singular Riemannian manifold of type [[ρ]]. We set
q
ρ :=
q
ι ∗ρ = ρ |Γ. Then ( qρ,
q
K) is a singularity datum for Γ. Thus it defines a sin-
gular structure
q
S(Γ) for Γ, the one induced by S(M). Furthermore, (Γ,
q
g/
q
ρ2)
is a singular Riemannian manifold of type [[
q
ρ]] (and dimension m− 1). It is
always understood that Γ is endowed with the singular structure induced by
the one of M .
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(c) Let (M˜, g˜) be a Riemannian manifold and f : M → M˜ an isometric
diffeomorphism, that is, g˜ = f∗g. Suppose (M, g) is singular of type [[ρ]] with
singularity datum (ρ,K). Set f∗K := { f∗κ ; κ ∈ K }. Then the pair (f∗ρ, f∗K)
is a singularity datum for (M˜, g˜) and the latter is a singular Riemannian
manifold of type [[f∗ρ]].
(d) Suppose S ⊂ U ⊂M , where S is closed and U is open inM . Assume
ρ ∈ C∞(U, (0,∞)) and K is a uniformly regular atlas for U on S such that
(4.1) holds for KS . Then (ρ,K) is a singularity structure for U on S. Two
such singularity structures (ρ,K) and (ρ˜, K˜) are equivalent on S if ρ ∼ ρ˜ and
K and K˜ are equivalent on S. This defines a singularity structure for U on S
of type [[ρ]]. Then U is a singular Riemannian manifold on S of type [[ρ]] if it
is endowed with a singularity structure on S of type [[ρ]] and (U, g/ρ2) is a
uniformly regular Riemannian manifold on S.
Assume Sj ⊂ Uj ⊂M and Uj is a uniformly regular Riemannian mani-
fold on Sj of type [[ρj ]] for 0 ≤ j ≤ ℓ. Let (ρj ,Kj) be a singularity structure
for Uj on Sj and assume that (α) and (β) of Example 3.5(f) apply and
ρi |(Si ∩ Sj) ∼ ρj |(Si ∩ Sj), 0 ≤ i < j ≤ ℓ.
Then there exists ρ ∈ C∞(M, (0,∞)) such that ρ |Sj ∼ ρj |Sj for 0 ≤ j ≤ ℓ
and (ρ,K) is a singularity datum for M , where K = K0 ∪ · · · ∪ Kℓ. Further-
more, M is a singular Riemannian manifold of type [[ρ]]. It is said to be
obtained by patching together the singular Riemannian manifolds Uj on Sj
of type [[ρj ]].
(e) Let d ≥ 2 and suppose B is a b-dimensional compact Riemannian
submanifold of Rd−1. For a nonempty subinterval I of (0, 1) and α ≥ 1 we
set
Cdα(I, B) :=
{
(t, tαy) ; t ∈ I, y ∈ B } ⊂ R× Rd−1 = Rd.
We endow Cdα(B) := C
d
α
(
(0, 1), B
)
with the metric induced by Rd. It is called
model α-cusp over (the base) B in Rd. Note that a 1-cusp is a cone.
For ℓ ∈ N we set Cdα,ℓ(I, B) := Cdα(I, B) if ℓ = 0, and
Cdα,ℓ(I, B) := C
d
α(I, B)× IQℓ, ℓ > 0,
where IQℓ = { tz ∈ Rℓ ; t ∈ I, z ∈ Qℓ }. Then Cdα,ℓ(B) := Cdα,ℓ((0, 1), B) is a
(1 + b+ ℓ)-dimensional Riemannian submanifold of Rd × Rℓ = Rd+ℓ, a model
(α, ℓ)-wedge over B, also calledmodel ℓ-wedge over Cdα(B). Thus every model
cusp is a model wedge, a 0-wedge. Every (α, ℓ)-wedge C = Cdα,ℓ(B) is a singu-
lar Riemannian manifold on S := Cdα,ℓ
(
(0, 3/4], B
)
of type [[Rα]], where the
cusp characteristic Rα is defined by Rα(x) := t
α for x = (t, y, z) ∈ C with
y ∈ Qℓ.
(f) Let U be open inM and set C := Cdα,ℓ(B) and S := C
d
α,ℓ
(
(0, 3/4], B
)
with ℓ := m− 1− b ≥ 0. Suppose that ϕ : U → C is a diffeomorphism such
that (ϕ∗g) |S ∼ gC |S. Then U is a singular Riemannian manifold on ϕ−1(S)
of type [[ϕ∗Rα]]. It is said to be an (α, ℓ)-wedge represented by ϕ.
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(g) Let d ≥ m and let B be an (m− 1)-dimensional compact submani-
fold of Rd−1. For a nonempty subinterval I of (1,∞) and α < 0 we set
Kdα(I, B) :=
{
(t, tαy) ; t ∈ I, y ∈ B } ⊂ R× Rd−1 = Rd.
Then Kdα(B) := K
d
α
(
(1,∞), B) is considered as an m-dimensional Riemann-
ian submanifold of Rd, an infinite α-cusp over B in Rd. Its cusp charac-
teristic Rα is given by Rα(x) := t
α for x = (t, tαy) ∈ Kdα(B). It holds that
Kdα(B) is a singular Riemannian manifold on K
d
α
(
[2,∞), B) of type [[Rα]].
(h) Let U be open in M and let K := Kdα(B) be an infinite α-cusp
over B in Rd. Set S := Kdα
(
[2,∞), B). Let ϕ : U → K be a diffeomorphism
satisfying
(α) U \ϕ−1(S) ∩ S = ϕ−1(Kdα({2}, B));
(β) (ϕ∗g) |S ∼ gK |S.
Then U is a singular Riemannian manifold on ϕ−1(S) of type [[ϕ∗Rα[]. Fur-
thermore, M is said to have in U an infinite α-cusp (more precisely: (α,B)-
cusp) represented by ϕ.
(i) Assume thatM is anm-dimensional Riemannian submanifold for Rn
for some n ≥ m. Then S(M) := M¯ \M , where M¯ is the closure ofM in Rn, is
the singularity set of M . It is independent of n since the closure of M in Rn˜
with n˜ > n and Rn = Rn × {0} ⊂ Rn˜ equals M¯ also.
Suppose Σ is a connected component of S(M) with the following prop-
erties:
(α) it is an ℓ-dimensional compact Riemannian submanifold of Rn with-
out boundary, where ℓ ∈ {0, . . . ,m− 1};
(β) there exist α ≥ 1, a compact (m− ℓ− 1)-dimensional Riemannian
submanifold B of Rd with d ≥ m− ℓ, and for each p ∈ Σ a normalized
chart Φp for R
n at p such that, setting Vp := dom(Φh),
Φp(M ∩ Vp) = Cd(α,ℓ)(B) × {0} ⊂ Rd+ℓ × Rn−d−ℓ = Rn
and
Φp(Σ ∩ Vp) =
({0} ×Qℓ)× {0};
(γ) Up := M ∩ Vp is an (α, ℓ)-wedge represented by ϕp := Φp |Up.
Then M is said to possess a smooth cuspidal singularity of type (α, ℓ) (more
precisely: (α, ℓ, B)) near Σ.
Let Σ ⊂ S(M) and assumeM has a smooth cuspidal singularity of type
(α, ℓ) near Σ. Also assume that there exist relatively compact open neighbor-
hoods V and W of Σ in Rn with W¯ ⊂ V possessing the following properties:
set U := V ∩M and S := W¯ ∩M . Then there is ρα ∈ C∞
(
U, (0,∞)) such
that
ρα |(S ∩ Up) ∼ ϕ∗pRα |(S ∩ Up), p ∈ Σ,
and U is on S a singular Riemannian manifold of type [[ρα[]. Loosely speaking:
Σ is then said to be a smooth (α, ℓ)-wedge, more precisely, a smooth (α, ℓ, B)-
wedge. It is a smooth α-cusp, respectively (α,B)-cusp, if ℓ = 0. Note that near
every smooth (α, Sm−1)-cusp M looks locally like Rm\{0} near 0. (In this
case we choose d = m+ 1.)
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(j) LetM be an m-dimensional Riemannian submanifold of Rn for some
n ≥ m. Suppose:
(α) S(M) is compact and for each connected component Σ of S(M)
there exist αΣ ≥ 1, ℓΣ ∈ {0, . . . ,m− 1}, and a compact (m− ℓ− 1)-
dimensional submanifold BΣ of R
d, where d ≥ m− ℓ, such that M has
a smooth cuspidal singularity of type (αΣ, ℓΣ, BΣ) near Σ;
(β) there are k ∈ N and for each i ∈ {1, . . . , k} an open subset Ui of M ,
αi ∈ (−∞, 0), an (m− 1)-dimensional compact Riemannian submani-
fold Bi of R
d for some d ≥ m, and a diffeomorphism ϕi : Uj → Kdαi(Bj)
such that M has in Ui an infinite (αi, Bi)-cusp represented by ϕi;
(γ) Ui ∩ Uj = ∅ for 1 ≤ i < j ≤ k, M \(U1 ∪ · · · ∪ Uk) is relatively com-
pact in Rn, and S(M)\(U1 ∪ · · · ∪ Uk) = S(M).
Then M is said to be a manifold with cuspidal singularities. Note that M is
relatively compact in Rn if k = 0.
Every manifold with cuspidal singularities is a singular Riemannian
manifold of type [[ρ[], where ρ ∼ ρα near a smooth (α, ℓ)-wedge Σ ⊂ S(M),
ρ ∼ ϕ∗iRαi on Ui, 1 ≤ i ≤ k, and ρ ∼ 1 away from the singularities. 
The qualifier ‘smooth’ in the preceding definitions refers to the fact that
the bases of the cusps are uniformly regular. If they are singular Riemannian
manifolds themselves then we get manifolds with cuspidal corners of various
orders. For this we refer to [9] as well.
B. Ammann, R. Lauter, and V. Nistor [11] introduce a class of non-
compact Riemannian manifolds, termed Lie manifolds, in order to estab-
lish regularity properties of solutions to elliptic boundary value problems on
polyhedral domains; also see B. Ammann, A.D. Ionescu and V. Nistor [10],
B. Ammann and V. Nistor [12], and the references therein, as well as the sur-
vey by C. Bacuta, A.L. Mazzucato, and V. Nistor [13]. These authors use a
desingularization technique by which they introduce conformal metrics g/ρ2,
where ρ is the distance to the singular set.
Let M = (M, g) be a singular Riemannian manifold of type [[ρ]]. Then
we can apply the results of Sections 2 and 3 to Mˆ , where we have to use
∇ˆ := ∇gˆ, of course. Fortunately, since gˆ is conformal to g we can express all
spaces and operators in terms of g, so that Mˆ does not appear in the final
results.
Specifically, set V := V στ and let λ ∈ R. Then the weighted Sobolev
space W k,λp (V ; ρ) is for k ∈ N the completion of D(V ) in L1,loc(V ) with re-
spect to the norm
u 7→
( k∑
j=0
∥∥ρλ+j+τ−σ |∇ju|gτ+jσ ∥∥pLp(V )
)1/p
.
Weighted Slobodeckii spaces W s,λp (V ; ρ) are for k < s < k + 1 again defined
by interpolation, that is, by replacing W ℓp (V ) in (2.1) by W
ℓ,λ
p (V ; ρ) for
ℓ ∈ {k, k + 1}.
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Analogously, Bλ(V ; ρ) is the vector space of all sections u of V such that
ρλ+τ−σ |u|gτσ ∈ B(M). The norm u 7→
∥∥ρλ+τ−σ |u|gτσ∥∥∞ makes it a Banach
space. If k ∈ N, then Bk,λ(V ; ρ) is the Banach space of all u ∈ Ck(V ) for
which
max
0≤j≤k
∥∥ρλ+j+τ−σ |∇ju|gτ+jσ ∥∥∞
is finite, endowed with this norm. Furthermore, bck,λ(V ; ρ) is the closure of
BC∞,λ(V ; ρ) :=
⋂
k BC
k(V ; ρ) in BCk,λ(V ; ρ). Then weighted Besov-Ho¨lder
spaces Bs,λ∞ (V ; ρ) are defined by interpolation in complete analogy to (2.2).
Weighted L2 Sobolev spaces of this type have been introduced by V.A.
Kondrat′ev [25] in the study of elliptic boundary value problems on domains
with singular points. Since then they have been used by numerous authors,
predominantly in an Euclidean L2 setting. A detailed study of the Lp case
and references are found in [6].
We set
W sp (V ; ρ) := W
s,0
p (V ; ρ), BC
k(V ; ρ) := BCk,0(V ; ρ),
Bs∞(V ; ρ) := B
s,0
∞ (V ; ρ).
In [7] it is proved that
W sp (Vˆ )
.
= W s,−m/pp (V ; ρ), BC
k(Vˆ )
.
= BCk(V ; ρ),
Bs∞(Vˆ )
.
= Bs∞(V ; ρ),
(4.4)
where
.
= means ‘equal except for equivalent norms’ and Vˆ := T στ Mˆ . In [7]
it is also shown that (u 7→ ρλu) belongs to
Lis(W s,λ′+λp (V ; ρ),W s,λ′p (V ; ρ)) ∩ Lis(Bs,λ′+λ∞ (V ; ρ), Bs,λ′∞ (V ; ρ)) (4.5)
for λ, λ′ ∈ R, and (u 7→ ρλu)−1 = (v 7→ ρ−λv). Thus it suffices to study the
spaces W sp (Vˆ ) and B
s
∞(Vˆ ) since by this isomorphism and by (4.4) we can
transfer all properties from W sp (Vˆ ) onto W
s,λ
p (V ; ρ) and from B
s
∞(Vˆ ) onto
Bs,λ∞ (V ; ρ). Alternatively, we can refer directly to [6].
Anisotropic weighted Sobolev-Slobodeckii spaces are defined for s ≥ 0
by
W (s,s/2),λp (V × J ; ρ) := Lp
(
J,W s,λp (V ; ρ)
) ∩W s/2p (J, Lλp(V ; ρ)).
Analogously, we introduce anisotropic Besov-Ho¨lder spaces for s > 0 by
B(s,s/2),λ∞ (V ; ρ)) := B
(
J,Bs,λ∞ (V ; ρ)
) ∩Bs/2∞ (J,Bλ(V ; ρ)).
Again, we omit the superscript λ if it equals zero. It is obvious from the above
that all embedding, interpolation, and trace theorems, etc. proved in [5] carry
over to the present setting using natural adaptions. It is also clear that (4.4)
implies
W (s,s/2)p (Vˆ )
.
=W (s,s/2),−m/pp (V ; ρ). (4.6)
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Furthermore,
(u 7→ ρλu) ∈ Lis(W (s,s/2),λ′+λp (V ; ρ),W (s,s/2),λ′p (V ; ρ)) (4.7)
for λ, λ′ ∈ R is a consequence of (4.5).
5. Degenerate Parabolic Problems
In this section we study problem (3.1) in the case of singular Riemannian
manifolds. It turns out that in this situation Theorem 3.1 leads to an isomor-
phism theorem for degenerate parabolic initial boundary value problems on
weighted Sobolev spaces.
Let M = (M, g) be a singular Riemannian manifold of type [[ρ]] and
λ ∈ R. Similarly as in Section 3, we introduce data spaces which are now
weighted and λ-dependent. To simplify the presentation we restrict ourselves
to the setting of strong Lp solutions. Thus we put
W (2−
~δ−1/p)(1,1/2),λ+~δ+1/p
p (∂MT ;
q
ρ)
:= W (2−1/p)(1,1/2),λ+1/pp (∂0MT ;
q
ρ)×W (1−1/p)(1,1/2),λ+1+1/pp (∂1MT ;
q
ρ)
and
W(2,1),λp (MT ; ρ)
:= Lλp(MT ; ρ)×W (2−~δ−1/p)(1,1/2),λ+~δ+1/pp (∂MT ;
q
ρ)×W 2−2/p,λp (M ; ρ).
Similarly as before, W(2,1),λp,cc (MT ; ρ) is the linear subspace hereof consisting
of all (f, h, u0) satisfying the compatibility conditions (3.4).
The differential operator (3.2) is uniformly strongly ρ-elliptic if a(·, t) is
symmetric for t ∈ J and there exists a constant ε > 0 such that(
a(q, t) qX
∣∣X)
g(q)
≥ ερ2(q) |X |2g(q), X ∈ TqM, q ∈M, t ∈ J. (5.1)
Henceforth, we say that (A,B) is a ρ-regular uniformly ρ-elliptic bound-
ary value problem on MT if A is uniformly strongly ρ-elliptic,
a ∈ BC(1,1/2),−2(T 11M × J ; ρ), ~a ∈ L∞(TM × J ; ρ),
a0 ∈ L∞(MT ),
(5.2)
and
b0 ∈ BC(1,1/2),−1(∂1MT ). (5.3)
If ρ = 1, then (A,B) is simply called regularly uniformly elliptic. Note that
the first part of (5.2) implies |a|g1
1
≤ cρ2. Using this and the symmetry of
a(·, t) we see that (5.1) is equivalent to the existence of ε ∈ (0, 1) with
ερ2(q) |X |2g(q) ≤
(
a(q, t) qX
∣∣X)
g(q)
≤ ρ2(q) |X |2g(q)/ε (5.4)
for X ∈ TqM , q ∈M , and t ∈ J .
Now we can formulate the following isomorphism theorem for degenerate
parabolic equations.
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Theorem 5.1. Let M be a singular Riemannian manifold of type [[ρ]] and
p /∈ {3/2, 3}. Suppose that (A,B) is a ρ-regular uniformly ρ-elliptic boundary
value problem on MT and λ ∈ R.
Then W(2,1),λp,cc (MT ; ρ) is closed and
(∂ +A, B, γ0) ∈ Lis
(
W (2,1),λp (MT ; ρ),W(2,1),λp,cc (MT ; ρ)
)
.
The proof of this theorem is given later in this section. First we derive
an analogue of Theorem 3.4. For this we define
W s,λp,B (M ; ρ), s ∈ [0, 2]\{1/p, 1+ 1/p},
by replacing W sp (M) in (1.4) by W
s,λ
p (M ; ρ).
Theorem 5.2. Let M be a singular Riemannian manifold of type [[ρ]] and
p /∈ {3/2, 3}. Suppose (A,B) is an autonomous ρ-regular uniformly ρ-elliptic
boundary value problem on MT and λ ∈ R. Set Aλ := A|W 2,λp,B (M ; ρ), con-
sidered as an unbounded linear operator in Lλp(M ; ρ). Then −Aλ generates a
strongly continuous analytic semigroup on Lλp(M ; ρ) and has the property of
maximal regularity, that is, (∂ +A, γ) belongs to
Lis(Lp(J,W 2,λp,B (M ; ρ)) ∩W 1p (J, Lλp(M ; ρ)), Lλp(M ; ρ)×W 2−2/p,λp,B (M)).
Proof. This follows from Theorem 5.1 by the arguments which led from The-
orem 3.1 to Theorem 3.4. 
Corollary 5.3. Set A := A0. Then −A generates a strongly continuous ana-
lytic semigroup on Lp(M) and has the maximal regularity property on Lp(M).
In order to facilitate the proof of Theorem 5.1 we precede it with a
technical lemma. In this connection we identify ρλ with the point-wise mul-
tiplication operator u 7→ ρλu.
Lemma 5.4. Let (A,B) be a ρ-regular uniformly ρ-elliptic boundary value
problem on MT and λ ∈ R. Then there exists another such pair (A′,B′) such
that
(A,B) ◦ ρλ = ρλ ◦ (A′,B′). (5.5)
Proof. (1) Note that
(A,B) ◦ ρλ = ρλ ◦ (A,B) + [(A,B), ρλ] (5.6)
where the commutator[
(A,B), ρλ]u := (A,B)(ρλu)− ρλ(A,B)u
is given by
(
[A, ρλ], [B, ρλ]) with
[A, ρλ]u = −2(a q gradρλ | gradu) + ((~a | gradρλ)− div(a q gradρλ))u
and
[B, ρλ]u = (0, (ν |γ(a q grad ρλ))u).
For abbreviation, gl := grad log. Then
grad ρλ = λρλ−1 gradρ = ρλλ gl ρ. (5.7)
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We set
~a′ := −2λa q gl ρ, a′0 := λ
(
(~a | gl ρ)−div(a q gl ρ))−λ2(a q gl ρ | gl ρ),
b′0 := λ
(
ν
∣∣γ(a q gl ρ)).
Moreover,
A′u := Au + (~a′ | gradu) + a′0u, B′u := Bu+ (0, b′0γu).
It follows from (5.6) and (5.7) that (A′,B′) satisfies (5.5). Hence it remains
to show that (~a′, a′0, b
′
0) possesses the same regularity properties as (~a, a0, b0).
(2) We know from (4.3) and (4.4) that
d log ρ ∈ BC1(T ∗Mˆ) .= BC1(T ∗M ; ρ).
Using this, grad = g♯d, and (A.8) it follows
gl ρ = g♯ d log ρ ∈ BC1,2(TM ; ρ). (5.8)
It is now an easy consequence of this, the assumptions on a and ~a, and of
(A.5) that
~a′ ∈ L∞(TM × J), (~a | gl ρ) ∈ L∞(MT ). (5.9)
From (5.8), (A.9), and (A.10) we infer
| div(a q gl ρ)| = |∇(a q gl ρ)|g1
1
≤ ρ−1 |∇a|g2
1
ρ | gl ρ|g0
1
+ ρ−2 |a|g1
1
ρ2 |∇ gl ρ|g1
1
.
This guarantees that the second summand of a′0 belongs to L∞(MT ). Simi-
larly,
|(a q gl ρ | gl ρ)| ≤ ρ−2 |a|g1
1
(ρ | gl ρ|g0
1
)2
implies that the third summand lies in L∞(MT ) as well. Hence, by the second
part of (5.9),
a′0 ∈ L∞(MT ). (5.10)
Let νˆ be the unit normal vector field of ∂Mˆ . In local coordinates,
νˆ = (gˆ11)
−1/2∂/∂x1 = ρ(g11)
−1/2∂/∂x1 = ρν. (5.11)
Thus ν ∈ BC1,1(TM|∂M ; ρ). This implies for the conormal field
ν♭ = g♭ν ∈ BC1,−1(T ∗M|∂M ; ρ). (5.12)
As above, we derive from (5.8)
γ(a q gl ρ) ∈ BC(1,1/2)(TM|∂M ; ρ).
Therefore, by (5.12),
b′0 = λν♭
q γ(a q gl ρ) ∈ BC(1,1/2),−1(∂MT ; ρ). (5.13)
Now (5.9), (5.10), and (5.13) imply the assertion. 
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Proof of Theorem 5.1thm.5.1. (1) By the definitions of gˆ and the gradient
we get
ρ−2(X | gradgˆ u) = (X | gradgˆ u)gˆ = 〈du,X〉 = (X | gradu) (5.14)
for any C1 function u and any vector field X on M . From this we obtain
gradu = ρ−2 gradgˆ u. (5.15)
We also note that (A.2)–(A.4) imply
|·|gˆτσ = ρ
τ−σ |·|gτσ , σ, τ ∈ N. (5.16)
We put aˆ := ρ−2a. Then we infer from (5.16)
|aˆ|gˆ1
1
= ρ−2 |a|g1
1
. (5.17)
Note that ∇aˆ = ρ−2∇a− 2(d log ρ) q aˆ (cf. (5.7)). Hence, see (A.5),
ρ |∇aˆ|g2
1
≤ ρ−1 |∇a|g2
1
+ 2ρ |d log ρ|g1
0
|aˆ|g1
1
= ρ−1 |∇a|g2
1
+ 2 |d log ρ|gˆ1
0
|aˆ|g1
1
,
the last equality being a consequence of (5.16). From this, (4.3), (5.17), and
the assumption on a we deduce
aˆ ∈ BC(1,1/2)(T 11M × J ; ρ) .= BC(1,1/2)(T 11 Mˆ × J). (5.18)
By replacing the index H in (3.13) by gˆ and using (5.14) and (5.15) we find
div(a q gradu) = div(ρ2aˆ q gradu)
= divgˆ(aˆ q gradgˆ u) +m(ρaˆ q grad ρ | gradu)
= divgˆ(aˆ q gradgˆ u) + (maˆ q ρ
−1 gradgˆ ρ | gradgˆ u)gˆ.
(5.19)
Observe that
ρ−1 gradgˆ ρ = ρ
−1gˆ♯ dρ = gˆ♯ d log ρ.
Hence, by (A.5) and (A.8),
|aˆ q ρ−1 gradgˆ ρ|gˆ ≤ |aˆ|gˆ11 |d log ρ|gˆ10 .
This, (5.18), and (4.3) imply
aˆ q ρ−1 gradgˆ ρ ∈ L∞(TMˆ × J). (5.20)
Furthermore, by (5.15) and gˆ = ρ−2g,
(~a | gradu) = (~a |ρ−2 gradgˆ u) = (~a | gradgˆ u)gˆ.
From (5.16) we derive∥∥ |~a|gˆ ∥∥∞ = ∥∥ρ−1 |~a|g ∥∥∞ = ‖~a‖L∞(TM×J;ρ). (5.21)
Thus it follows from (5.20) that
dˆ := maˆ q ρ−1 gradgˆ ρ+ ~a ∈ L∞(TMˆ × J). (5.22)
Now we put
Aˆu := − divgˆ(aˆ q gradgˆ u) + (dˆ | gradgˆ u)gˆ + a0u.
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Then (5.19) shows
Au = Aˆu, u ∈W (2,1),−m/pp (MT ; ρ) .= W (2,1)p (MˆT ), (5.23)
the last equivalence being a consequence of (4.4).
(2) Recalling (5.11) and
q
ρ = ρ |∂M , we find(
ν
∣∣γ(a q gradu)) = (ν ∣∣γ(aˆ q gradgˆ u))
=
q
ρ2
(
ν
∣∣γ(aˆ q gradgˆ u))gˆ = qρ(νˆ ∣∣γ(aˆ q gradgˆ u))gˆ. (5.24)
We denote by
q
∇ the Levi-Civita connection of ∂M and set bˆ0 := qρ−1b0. Then
q
∇bˆ0 = qρ−1
q
∇b0 − (d log qρ)bˆ0. (5.25)
Relation (5.16) implies
q
ρ |d log qρ| qg1
0
= |d log qρ|ˆqg10 .
Since b0 ∈ BC(1,1/2),−1(∂1MT ; ρ) it holds
‖bˆ0‖L∞(∂1MˆT ) = ‖
q
ρ−1b0‖L∞(∂1MT ) <∞,∥∥ | q∇b0| qg1
0
∥∥
L∞(∂1MT )
<∞.
(5.26)
Thus we get from (5.25), (5.26), Example 4.1(b), and (4.3) (applied to
∂1M = ∂1Mˆ) that
∥∥ qρ | q∇bˆ0| qg1
0
∥∥
L∞(∂1MT )
is finite. This implies
bˆ0 ∈ BC(1,1/2)(∂1MT ; ρ) .= BC(1,1/2)(∂1MˆT ). (5.27)
Now we set
Bˆ1u :=
(
νˆ
∣∣γ(aˆ q gradgˆ u))gˆ + bˆ0γu
and Bˆ := (B0, Bˆ1). Then we see from (5.18), (5.22), (5.27), and (5.1) that
(Aˆ, Bˆ) is a regular uniformly elliptic boundary value problem on MˆT . Fur-
thermore,
Bu = (Bˆ0u, qρBˆ1u). (5.28)
(3) Suppose (f, h, u0) ∈ W(2,1),−m/pp,cc (MT ; ρ). Then, by (4.7),
q
ρ−1h1 ∈ W (1−1/p)(1,1/2),−(m−1)/pp (∂1MT ;
q
ρ).
More precisely, set hˆ := (h0,
q
ρ−1h1). Then (4.7), (4.4), and (4.6) imply(
(f, h, u0) 7→ (f, hˆ, u0)
) ∈ Lis(W(2,1),−m/pp,cc (MT ; ρ),W(2,1)p,cc (MˆT )).
In addition, we deduce from (5.23) and (5.28) that u ∈ W (2,1)p (MT ; ρ) is a
solution of (3.1) iff u ∈W (2,1)p (MˆT ) and (∂ + Aˆ, Bˆ, γ0)u = (f, hˆ, u0). Now
Theorem 3.1 implies the validity of the assertion if λ = −m/p.
(4) Let λ 6= −m/p. Lemma 5.4 guarantees the existence of a ρ-regular
uniformly ρ-elliptic boundary value problem (A′,B′) on MT such that
ρλ ◦ (A,B) = (A′,B′) ◦ ρλ. (5.29)
By (4.5) and (4.7) it follows that (f, h, u0) ∈ W(2,1),λp,cc (MT ; ρ) iff
(f ′, h′, u′0) := ρ
λ+m/p(f, h, u0) ∈ W(2,1),−m/pp,cc (MT ; ρ)
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and u ∈W (2,1),λp (MT ; ρ) iff
u′ := ρλ+m/pu ∈W (2,1),−m/pp (MT ; ρ).
From (5.29) we get
(A,B, γ0)u = (f, h, u0) ⇐⇒ (A′,B′, γ0)u′ = (f ′, h′, u0).
As the claim holds for λ = −m/p, the assertion follows. 
Remarks 5.5. (a) It is obvious from this proof that there is a straightfor-
ward parameter-dependent analogue of the supplement to Theorem 3.1 for
degenerate parabolic problems.
(b) Remarks 3.3 apply in the present setting also. 
Appendix: Tensor Bundles
LetM be a manifold and V = (V, π,M) a vector bundle of rank n over it. For
a nonempty subset S ofM we denote by V|S the restriction π
−1(S) of V to S.
If S is a submanifold or a union of connected components of ∂M , then V|S is
a vector bundle of rank n over S. As usual, Vp := V{p} is the fibre π
−1(p)
of V over p. By Γ(S, V ) we mean the RS module of all sections of V (no
smoothness).
As usual, TM and T ∗M are the tangent and cotangent bundles of M .
Then T στ M := TM
⊗σ ⊗ T ∗M⊗τ is for σ, τ ∈ N the (σ, τ)-tensor bundle ofM ,
that is, the vector bundle of all tensors on M being contravariant of order σ
and covariant of order τ . In particular, T 10M = TM and T
0
1M = T
∗M , as
well as T 00M = M × R.
For ν ∈ N× we put Jν := {1, . . . ,m}ν . Then, given local coordinates
κ = (x1, . . . , xm) and setting
∂
∂x(i)
:=
∂
∂xi1
⊗ · · · ⊗ ∂
∂xiσ
, dx(j) := dxj1 ⊗ · · · ⊗ dxjτ
for (i) = (i1, . . . , iσ) ∈ Jσ, (j) ∈ Jτ , the local representation of a (σ, τ)-tensor
field a ∈ Γ(T στ M) with respect to these coordinates is given by
a = a
(i)
(j)
∂
∂x(i)
⊗ dx(j)
with a
(i)
(j) ∈ RUκ . We use the summation convention for (multi-)indices label-
ing coordinates or bases. Thus such a repeated index, which appears once
as a superscript and once as a subscript, implies summation over its whole
range.
Suppose σ1, σ2, τ1, τ2 ∈ N. Then the complete contraction
Γ(T σ2+τ1τ2+σ1 M)× Γ(T σ1τ1 M)→ Γ(T σ2τ2 M), (a, b) 7→ a q b
is defined as follows: Given (ik) ∈ Jσk and (jk) ∈ Jτk for k = 1, 2, we set
(i2; j1) := (i2,1, . . . , i2,σ2 , j1,1, . . . , j1,τ1) ∈ Jσ2+τ1
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etc., using obvious interpretations if min{σ, τ} = 0. Suppose a ∈ Γ(T σ2+τ1τ2+σ1 M)
and b ∈ Γ(T σ1τ1 M) are locally represented on Uκ by
a = a
(i2;j1)
(j2;i1)
∂
∂x(i2)
⊗ ∂
∂x(j1)
⊗ dx(j2) ⊗ dx(i1), b = b(i1)(j1)
∂
∂x(i1)
⊗ dx(j1).
Then the local representation of a q b on Uκ is given by
a
(i2;j1)
(j2;i1)
b
(i1)
(j1)
∂
∂x(i2)
⊗ dx(j2).
Let g be a Riemannian metric on TM . We write g♭ : TM → T ∗M
for the (fiber-wise defined) Riesz isomorphism. Thus 〈g♭X,Y 〉 = g(X,Y ) for
X,Y ∈ Γ(TM), where 〈·, ·〉 : Γ(T ∗M)× Γ(TM)→ RM is the natural (fiber-
wise defined) duality pairing. The inverse of g♭ is denoted by g
♯. Then g∗, the
adjoint Riemannian metric on T ∗M , is defined by g∗(α, β) := g(g♯α, g♯β) for
α, β ∈ Γ(T ∗M). In local coordinates
g = gij dx
i ⊗ dxj , g∗ = gij ∂
∂xi
⊗ ∂
∂xj
, (A.1)
[gij ] being the inverse of the (m×m)-matrix [gij ].
The metric g induces a vector bundle metric on T στ M which we denote
by gτσ. In local coordinates
gτσ(a, b) = g(i)(j)g
(k)(ℓ)a
(i)
(k)b
(j)
(ℓ), a, b ∈ Γ(T στ M), (A.2)
where
g(i)(j) := gi1j1 · · · giσjσ , g(k)(ℓ) := gk1ℓ1 · · · gkτ ℓτ (A.3)
for (i), (j) ∈ Jσ and (k), (ℓ) ∈ Jτ . Note g01 = g and g10 = g∗ and g00(a, b) = ab
for a, b ∈ Γ(M × R) = RM . Moreover,
|·|gτσ : Γ(T
σ
τ M)→ (R+)M , a 7→
√
gτσ(a, a) (A.4)
is the vector bundle norm on T στ M induced by g. It follows that the complete
contraction satisfies
|a q b|gτ2σ2 ≤ |a|gτ2+σ1σ2+τ1 |b|g
τ1
σ1
, a ∈ Γ(T σ2+τ1τ2+σ1 M), b ∈ Γ(T σ1τ1 M). (A.5)
We define a vector bundle isomorphism T στ+1M → T σ+1τ M , a 7→ a♯ by
a♯(α1, . . . , ασ, α,X1, . . . , Xτ ) := a(α1, . . . , ασ, X1, . . . , Xτ , g
♯α) (A.6)
for X1, . . . , Xτ ∈ Γ(TM) and α, α1, . . . , ασ ∈ Γ(T ∗M). If a(i)(j;k) with (i) ∈ Jσ,
(j) ∈ Jτ , and k ∈ J1 is the coefficient of a in a local coordinate representation,
then
(a♯)
(i;k)
(j) = g
kℓa
(i)
(j;ℓ). (A.7)
This implies
|a♯|gτ
σ+1
= |a|gτ+1σ . (A.8)
The Levi-Civita connection on TM is denoted by ∇ = ∇g. We use the
same symbol for its natural extension to a metric connection on T στ M . Then
the corresponding covariant derivative is the linear map
∇ : C∞(T στ M)→ C∞(T στ+1M), a 7→ ∇a,
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defined by 〈∇a, b⊗X〉 := 〈∇Xa, b〉 for b ∈ C∞(T τσM) and X ∈ C∞(TM). It
is a well-defined continuous linear map from C1(T στ M) into C(T
σ
τ+1M), as
follows from its local representation. For k ∈ N we define
∇k : Ck(T στ M)→ C(T στ+kM), a 7→ ∇ka
by ∇0a := a and ∇k+1 := ∇ ◦∇k.
In local coordinates κ = (x1, . . . , xm) the volume measure dv = dvg of
(M, g) is represented by κ∗ dv = κ∗
√
g dx, where
√
g :=
(
det[gij ]
)1/2
and dx is
the Lebesgue measure on Rm.
The contraction C : T σ+1τ+1M → T στ M , a 7→ Ca is given in local coordi-
nates by (Ca)
(i)
(j) := a
(i;k)
(j;k). It follows
|Ca|gτσ = |a|gτ+1σ+1 . (A.9)
Recall that the divergence of tensor fields is the map
div = divg : C
1(T σ+1τ M)→ C(T στ M), a 7→ div a := C(∇a). (A.10)
If X is a C1 vector field on M , then divX has the well-known local repre-
sentation
1√
g
∂
∂xi
(√
g X i
)
, X = X i
∂
∂xi
. (A.11)
The gradient, gradu = gradg u, of a C
1 function u is the continuous vector
field g♯du.
Suppose a ∈ C1(T 11M). Then, in terms of covariant derivatives,
div(a gradu) = a♯ q∇2u+ div(a♯) q∇u. (A.12)
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